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Abstract. We prove the existence of singly periodic minimal surfaces invariant
under a translation such that a fundamental piece has arbitrarily many parallel planar
ends and arbitrarily high genus. These surfaces generalize the Callahan-Hoffman
Meeks surface. We also discuss briefly the effective computation of the periods and
techniques to parameterize these surfaces.

Two fundamental pieces of CHM2,3
1. Introduction
The known singly periodic embedded minimal surfaces which are invariant under
a parallel translation are classified by their ends ([MR]), and the basic examples
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are:
(1) Scherk’s saddle tower ([Sch])
(2) The Helicoid ([Meu])
(3) The Riemann minimal surface ([R])
(4) The Callahan-Hoffman-Meeks surface ([CHM])
All these surfaces allow for variations, like adding handles, increasing the dihedral
symmetry, or twisting the surface so that the surface becomes invariant under a
screw motion. See [CHK] for a detailed discussion of these variations, and also
[Ka1, HKW1, HKW2].
However, when dividing one of these surfaces (or their known modifications) by
its maximal translational symmetry group, the resulting surface has always small
topology. In this paper we prove the existence of complete simply periodic minimal
surfaces in R3 such that a fundamental piece of the surface by its symmetries has
arbitrarily many ends and arbitrarily high genus. These surfaces are derived from
the Callahan-Hoffman-Meeks surface by periodically adding handles at appropriate
places, as partially suggested by numerical experiments carried out by Hoffman
and Wohlgemuth (see [HK]). There is also some numerical evidence that our new
surfaces are embedded.
This is a third paper in a series ([WW1,WW2]) using Teichmüller theory to
deal with high-dimensional period problems. The surfaces here correspond to the
surfaces DHm,n of finite topology in [WW2] in a very natural way, and the existence
proof here is also a direct adaptation of the existence proof there. We take this
opportunity to illustrate the flexibility of the method by giving a detailed overview.
The DHm,n surface has finite topology, 2m + 1 parallel planar ends and two
catenoid ends. The genus can be any number m + n + 1 if only n ≥ m. Suitably
arranged in R3 the surface has the two vertical coordinate planes as reflectional
symmetry planes and the y = x diagonal as a rotational symmetry line lying on
the surface.
A fundamental quotient piece of the new surface CHMm,n is roughly obtained
from DHm,n by removing the top and bottom catenoidal ends and identifying the
top and bottom planar ends. The symmetry group will remain the same, it is
generated by a twofold dihedral symmetry at the vertical coordinate planes and a
rotational symmetry around the y = x diagonal.
Thus our goal will be the
Main Theorem. For each pair of integers 1 ≤ m ≤ n, there is a singly periodic
complete minimal surface CHMm,n in R3 invariant under a translation with the
symmetries described above, whose quotient by the translational symmetry group
has 2m planar ends and genus m + n + 1.
Besides the existence of such high genus singly periodic minimal surfaces, this
discussion of the surfaces is motivated by the question how sequences of DHm,n
surfaces might evolve for high values of m and n. In fact we expect the sequence
DHkm,kn to converge in some sense to the surface CHMm,n for k → ∞. Furthermore, to gain intuition about possible further modifications of these surfaces, it was
desirable to have pictures available.
In section 2, we will give a description of the new surfaces in terms of their euclidean and orthodisk geometries. In sections 3 and 4, we will outline the general
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Teichmüller theoretic existence strategy and give the necessary modifications in the
proof. In section 5 we will explain how the period integrals can be transformed algebraically to allow the computation of the periods as real line integrals, facilitating
the numerical computations. We will also show how to set up coordinate systems
for the surfaces to obtain parameterizations which are well adapted to the ends and
allow to create acceptable pictures.
Acknowledgement. The author would like to thank Hermann Karcher and Mike
Wolf for helpful discussions and encouragement.

2. Description of the Surfaces.
The Callahan-Hoffman-Meeks surface.
We begin this section by a description of the well-known Callahan-HoffmanMeeks surface (see also [CHM] or [MaRo]) to fix our notation.
This surface, denoted here by CHM1,1 , has infinitely many parallel planar ends.
It can be arranged in 3-space so that these ends are parallel to the x-y-plane and
that the other two coordinate planes are symmetry planes. Furthermore, it is
invariant under a translation in z-direction of distance d. The planar ends are
distance d/2 apart, and the planes asymptotic to the ends intersect the surface in
pairs of orthogonal symmetry lines. When dividing the surface by its translational
symmetry group, one obtains a minimal surface of genus 3 with two planar ends in
S 1 × R2 .

Three fundamental pieces of CHM1,1
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We now give the Weierstraß data on the quotient surface.
Consider for some modulus a > 0 the Riemann surface X given by
y 4 = x2 (x2 − 1)(x2 − a2 )
Then the meromorphic 1-forms
1

1

ρ dx
dx
y x2 − a2
y dx
=
dx
ρ x2 − 1
x
= 2 dx
y

5

Gdh = ρx− 2 (x2 − 1)− 4 (x2 − a2 )− 4 dx =
3
1
1
1 1
dh = x 2 (x2 − 1)− 4 (x2 − a2 ) 4 dx
G
ρ
1

1

dh = (x2 − 1)− 2 (x2 − a2 )− 2 dx

become single-valued on X and we can write down the Weierstraß representation
as
Z z
1
1
(*)
z 7→ Re
( − G, i(G + ), 2)dh
G
G
Note that in this setup, the Weierstraß data depend only on the modulus of the
underlying Riemann surface (up to the Lopez-Ros parameter ρ, which is easily fixed
for the current problem). This will remain true for the other surfaces we consider.
Observe that the symmetries of the surface are built into the defining equation
and the 1-forms. In particular, the restriction of the Weierstraß parameterization
to the upper half plane gives one quarter of a a fundamental piece of the surface,
as cut out of the surface by its symmetry planes.
1
We now consider the flat metrics ds = |Gdh| and ds = | G
dh|, restricted to the
upper half plane. With other words, we look at the two image domains of the upper
half x-plane under the Schwarz-Christoffel maps
Z z
z 7→
Gdh
Z z
1
dh,
z 7→
G

as these flat metrics are just the pullback metrics of the euclidean metric under
the Schwarz-Christoffel maps. Below are figures of these domains. They lie always
to the left of the boundary curves, when these are followed anti-clockwise. The
vertices are labeled by their preimages on the real axes.
a
a
-a
-a

1

1
0

a
-a
-1

The Gdh and

0

1
G dh

-1

orthodisks for CHM1,1

HIGH GENUS SINGLY PERIODIC MINIMAL SURFACES

5

The fat dot within the left domain marks a branched point, the angle there is not
but 5 π2 . The shaded diagonal segments correspond to the straight lines on the
surface, while the vertical and horizontal edges correspond to intersections of the
surface with the vertical symmetry planes. Note also the symmetry of the domains
with respect to the y = −x diagonal which corresponds to a rotational symmetry
of the surface around a straight line lying on the surface.
We think of such a generalized planar polygon as the graphical representation of
a (piece of a) Riemann surface together with a meromorphic 1-form on it.
If we glue copies of these polygons together by a translation at their (shaded)
diagonal segments, we obtain a periodic infinite polygon which is an orthodisk in
the sense of [WW2]. This periodic orthodisk represents now a periodic quarter
piece of the surface (cut out by the vertical symmetry planes). The vertices of
these orthodisks corresponds to points on the minimal surface where the surface is
met by both vertical symmetry planes simultaneously. These are on one hand the
ends, and on the other hand the saddle points with vertical normal.
In abuse of notation, we will also call the fundamental polygon above an orthodisk. Finally, the quotient of this periodic orthodisk by its translational symmetry will be called the corresponding orthocylinder.
π
2,

Orthodisks for the general case.
We will now modify the fundamental piece of the surface by adding further
handles and parallel planar ends, while keeping (but not increasing) the dihedral
symmetry. To do so, we will modify the CHM1,1 orthodisk by introducing new
vertices on the outer sheet boundary (which corresponds to handle addition for the
surface) and new interior sheets (which corresponds to adding new planar ends).
Roughly speaking, the Gdh orthodisk for CHMm,n has 2m + 1 vertices in the
1
dh orthodisk
outer sheet boundary and n interior branched points, while the G
for CHMm,n has 2m + 3 vertices in the outer sheet boundary and n − 1 interior
branched points.
Note that the angles of these orthodisks define the Weierstraß data completely,
so giving the geometric shape of the orthodisks defines the candidate Weierstraß
data.
Below are two examples, illustrating the addition of vertices in the outer sheet
boundary:
b
b
-b
a

a

b
-b
0

1

1

-1

-b

-a

-1

-a

0

Orthodisks for CHM1,2
corresponds to the Weierstraß data
1

1

3

5

Gdh = ρx− 2 (x2 − 1) 2 (x2 − a2 )− 4 (x2 − b2 )− 4 dx
1
1
1
1
1 1
dh = x 2 (x2 − 1)− 2 (x2 − a2 )− 4 (x2 − b2 ) 4 dx
G
ρ
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and
c
c

-c
b

b

a

c
1

a

0

1

-c
-c

0

-1

-a

-a

-b

-1

-b

Orthodisks for CHM1,3
corresponds to the

1

1

1

1

5

Gdh = ρx− 2 (x2 − 1) 2 (x2 − a2 )− 2 (x2 − b2 )− 4 (x2 − c2 )− 4 dx
1
1
1
3
1
1 1
dh = x 2 (x2 − 1)− 2 (x2 − a2 ) 2 (x2 − b2 )− 4 (x2 − c2 ) 4 dx
G
ρ

In [WW2], we have defined the orthodisks for the DHm,n surfaces, and we will
use this definition to create the CHMm,n orthodisks. To achieve this, we will
describe a geometric procedure to pass from any pair of DHm,n orthodisks to a
pair of CHMm,n orthodisks:
Take the Gdh orthodisk and replace the segment H1 C1 P1 by an infinite diagonal
H1 P1 to the upper left. Do the same symmetrically by replacing the segment
H2n+1 C2 P2m+1 by a diagonal H2n+1 P2m+1 . The orthodisk is identified along the
two diagonals to give the orthocylinder.
1
dh orthodisk, replace H1 C1 P1 by a finite diagonal H1 P1′ ending
Similarly, in the G
′
at a point p where this diagonal cuts the line through P1 P2 and then going up to
P2′ .

We illustrate this by the following figures (ignore the shaded areas for the moment):
P3

P5

P1

C2

P2

P4

C1
C1

P2

P1

H1 C1
H3

P3

P4
H5
H7

P5

P1

C2

H6

H2

P3

H2

P2

H4

H4
P4
C2

P5

H6
H7

A pair of orthodisks for DH2,3

H5

H3

H1
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P1
P5

P3
P2

H3

P4
H5

P3

P1
P2

H2

P3

H4

H2
H4

P5

H6

H7

P2

H1

P1
P5

P4

P4

H6

H1

H3

H5

H7

A pair of orthodisks for CHM2,3
For the general CHMm,n -surfaces we define using parameter points 1 = x1 <
x2 < . . . xm+n
− 12

G(x) = x

·

n−1
Y

2

(x −

i=1
m−1
Y
2

i+1

(−1)
x2i ) 2

1

!

(x − x2j+n+1 ) 2 −(−1)

(x2 − x2n )

(−1)n+1
4

(x2 − x2n+1 )(−1)

n3
4

j

j=1

(**)

2

dh = (x − x2n )−1/2 (x2 − x2n+1 )−1/2

Remark. Each CHMm,n surface is also a CHMkm,kn surface for any positive integer
k, by taking a k-fold copy of the CHMm,n fundamental piece. It is conceivable that
there might possibly be other CHMkm,kn surfaces than the natural one coming from
CHMm,n , but there is no indication whatsoever for this.
Reformulation of the period problem.
Now we explain how to use the orthodisk set-up to turn the period problem
around.
Usually, one wants to determine the surface moduli so that the parameterization
(*) becomes well-defined on the infinite singly-periodic Riemann surface, i.e. so that
1
1
all periods of the 1-forms ( G
− G)dh, i(G + G
)dh and dh become purely imaginary.
This condition on the first two forms can be replaced formally by the requirement
1
dh become complex conjugate. This can be checked
that the periods of Gdh and G
directly by looking at the orthodisks, because they were obtained by integrating
just these 1-forms. Here it is important to note that the two orthodisks can be
identified topologically by a homeomorphism mapping vertices to corresponding
vertices.
1
Definition 2.1. The Gdh and G
dh orthodisks are called conjugate if corresponding
cycles develop to complex conjugate numbers. In our pictures, the ‘real’ axes fixed
by that conjugation will always be the y = −x axes. In particular, corresponding
finite oriented edges have always to be conjugate.

Hence the period problem becomes the question whether a pair of conjugate
orthodisks determines the same surface. This is the case if there exists a conformal
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map between the orthodisk domains mapping vertices to corresponding vertices.
This map can then be continued by reflection to the whole surface.
For the periods of dh, it is
R palso helpful to look at the image of the upper half
x-plane under the map p 7→
dh. The dh forms are always very simple, see (**).
By the Schwarz-Christoffel formula, the image domain is just a rectangle, giving
rise to two periods. One is purely imaginary and not bothering us, and the other
is purely real and giving the translational vector for the minimal surface. Thus the
dh differential causes no trouble for the CHMm,n surfaces.
Hence we have shown:
Theorem 2.2. The period problem for CHMm,n can be solved if and only if there
1
is a pair of conjugate Gdh and G
dh orthodisks which are conformal in the sense
that there is a conformal map between them mapping vertices to corresponding vertices. 
The advantage of this reformulation of the period problem lies in the possibility to
use Teichmüller theoretic methods to control the moduli by geometric deformations
of the orthodisks.
3. Existence Proof: Geometric Coordinates
In this section we will introduce geometric coordinates for pairs of orthodisks and
outline the existence proof for the CHMm,n surfaces, using the DHm,n surfaces as
the model case.
The existence proof consists of several steps. The first is to set up a space of
geometric coordinates such that each point in this space gives rise to a pair of
conjugate orthodisks as described in section 2.
Given such a pair, one canonically obtains a pair of marked Riemann surfaces
with meromorphic 1-forms having complex conjugate periods. If the surfaces were
1
conformally equivalent, these two 1-forms will serve as the 1-forms Gdh and G
dh
in the Weierstraß representation.
After that, it remains to find a point in the geometric coordinate space so that the
two surfaces are indeed conformal. To achieve this, a nonnegative height function
H is constructed on the coordinate space with the following properties:
(1)
(2)
(3)
(4)

H is proper;
H = 0 implies that the two surfaces are conformal;
There is a CHM1,1 surface;
Given a CHMm−1,n−1 or a CHMm,n−1 surface, there is a smooth locus
which lies properly in the CHMm,n coordinate space;
(5) On that locus, if dH = 0, then actually H = 0.
This setup separates local and global aspects of the proof: While the first three
properties are global in nature, the last two are essentially local.
The height should be considered as some adapted measurement of the conformal
distance of two surfaces. Hence it is natural to construct such a function using
conformal invariants. We have chosen to built an expression using the extremal
lengths of suitable cycles.
The first condition on the height poses a severe restriction on the choice of the
geometric coordinate system: The extremal length of a cycle become zero or infinite
only if the surface develops a node near that cycle. Hence we must at least ensure
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that when reaching the boundary of the geometric coordinate domain, at least one
of the two surfaces degenerates conformally.
This condition is called completeness of the geometric coordinate domain.
Fortunately, we can use the definition of the geometric coordinates for DHm,n to
derive complete geometric coordinates for CHMm,n . In [WW2], there is a definition
of a geometric coordinate domain of real dimension m + n for the DHm,n surfaces.
In the figure above, this domain is indicated by the shaded boxes wich restrict
the positions of the interior branched points. Now observe that the procedure
described in section 2 converts any pair of conjugate orthodisks in the geometric
coordinate domain for DHm,n to a pair of conjugate orthodisks for CHMm,n and
vice versa. The shaded boxes of DHm,n also restrict naturally to shaded boxes
of CHMm,n . Because we have dropped one parameter, the resulting coordinate
domain has dimension m + n − 1. The precise shape of the shaded boxes is actually
completely determined by the completeness condition: The lower and right edges of
a box are given by orthodisk edges, and the upper and left edges by corresponding
right and lower edges of conjugate boxes.
Now using the arguments in [WW2] we obtain
Theorem 3.1. This coordinate system for CHMm,n is complete.
4. Existence Proof: The Height Function
The height function for CHMm,n is built using a slightly modified choice of the
cycles for the height of DHm,n . As we have reduced the dimension of the coordinate
space by 1, we have to choose one cycle less, and we have to ensure that the chosen
cycles are well defined.
The domains in which the cycles will be defined will be the orthocylinders which
are obtained from the CHMm,n orthodisks by identifying the diagonal segments.
For a cycle c connecting pairs of edges denote by ExtGdh (c) and Ext G1 dh (c) the
1
dh orthocylinders. Recall that this
extremal lengths of the cycle in the Gdh and G
makes sense as we have a natural topological identification of these domains (up to
homotopy) mapping corresponding vertices onto each other.
The height function on the space of geometric coordinates will be a sum over
several summands of the following type:
Definition 4.1. Let c be a cycle. Define
H(c) = e1/ ExtGdh (c) − e

1/ Ext 1

G

dh

(c) 2

+ eExtGdh (c) − e

Ext 1

G

dh

(c) 2

The rather complicated shape of this expression is required to prove the properness of the height function: Because there are sequences of points in the space
of geometric coordinates which converge to the boundary so that both orthodisks
degenerate for the same cycles, the above expression must be very sensitive to different rates with which this happens. Due to the Monodromy Theorem 4.1.2 in
[WW2], it is sometimes possible to detect such rate differences in the growth of
1
for degenerating cycles with Ext(x) → 0.
exp Ext(c)
The assumptions of the Monodromy Theorem impose certain restrictions on the
choice of cycles for the height, and there are further restrictions coming from the
Regeneration Theorem 4.5 below.

10

MATTHIAS WEBER

Now let’s introduce the cycles formally:
We first introduce cycles related to the outer sheet:
α2 : H2n H2n+1 → P2m H2n+1 = P1 H1 → H2 H3
α3 : H1 H2 → H3 H4
... : ... → ...
α2n : H2n−2 H2n−1 → H2n H2n+1
α2n+1 : H2n−1 H2n → H2n+1 P2m = H1 P1 → H1 H2
The first and the last cycle in this list are intended to cross the diagonal identification line and are best thought of as cycles in the corresponding orthocylinders
where we also measure the extremal lengths
We group these cycles in pairs symmetric with respect to the y = −x diagonal
and also require that the cycles are symmetric themselves:
γi = αi+1 + α2n+2−i ,

i = 1, . . . , n − 1

These cycles will detect degeneracies on the outer sheet boundary.
Next, we take as γ the core cycle of the orthocylinder (which connects corresponding points on the identifying diagonals). This cycle will detect if one of the
inner sheets degenerates towards the outer sheet boundary.
These cycles will be sufficient to build a proper height function. To guarantee
that a vanishing height implies conformality of the pair of orthodisks, we add m − 1
more cycles βj connecting each Pj Pj+1 and P2m+2−j P2m+1−j to edges of the outer
boundary for j = 1, . . . , m − 1. The edges on the outer boundary are chosen so
that the extremal lengths of all cycles give conformal coordinates for the space
of orthodisks (see lemma 4.3). We also want the cycles to satisfy the following
technical conditions:
(1) they have two symmetric components which do not cross the y = −x diagonal;
(2) they do not foot on one of the outer sheet boundary edges which emanates
from the diagonal
(3) they do not foot on H1 H2 or H2n H2n+1
The last two conditions are needed for the purpose of regeneration, as will be
explained later on.
Using admissible cycles, the height will be composed as a sum of the following
terms:
Definition 4.2. The height for the DHm,n surface is defined as
H=

n−1
X
i=1

H(γi ) + H(γ) +

m−1
X

H(βj )

j=1

Lemma 4.3. If H = 0, the two orthodisks are conformal.
Proof. Map the Gdh orthodisk conformally to the upper half plane so that Hm+1 is
mapped to 0, Pm+1 to ∞, and Hm to 1. The vertices are mapped to points xk ∈ R
and the cycles are carried to cycles in the upper half plane which are symmetric
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with respect to the imaginary axes and which connect segments xk xk+1 to other
segments xk′ xk′ +1 . Note that there are only two cases of cycles: One type connects
a segment on the positive axes to the symmetric segment on the negative axes,
and the other consists of a pair of cycles, the first connecting two segments on the
positive real axes and the second connecting the corresponding segments on the
negative axes. Furthermore, all these cycles consist of symmetric curve families.
Hence their extremal length can be computed as half of the extremal length of the
portion of the cycle in the first quadrant. Using z 7→ z 2 to map the first quadrant
to the upper half plane, we see that each of the mapped half-cycles now connects
just one pair of segments on the real axes, and hence determines the cross ratio
of the endpoints of these segments. By the choice of the cycles, all possible cross
ratios are determined. Hence the whole configuration of the xi is determined by the
1
extremal lengths. The same holds for the G
orthodisk, and the claim follows. 

To illustrate the use of extremal lengths, we give a quick existence proof for
CHM1,1 :

Example. Existence of CHM1,1
We begin by specifying the geometric coordinates. Below is a pair of conjugate
orthodisks. We normalize the domains by fixing the length of the edge (0, 1) in the
figure to 1 and then take the distance d ∈ (0, 1) of the edge (−1, 0) to the edge
(a, ∞) as the geometric coordinate. Recall that we have also imposed a reflectional
symmetry along the y = −x axes.
oo

a

d
a
-a
1

-a
a

1

oo

0
oo
-a

d
-1

0

-1

A geometric coordinate interval for CHM1,1

To prove the existence of CHM1,1 , we need to find a pair of conjugate orthodisks
which are also conformal.
From the definition of the height function, the only cycle which remains in this
case is γ, connecting corresponding points on the edges (1, a) and (−1, −a):
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The cycle γ from the height function
Here, a direct extremal length argument using γ is sufficient: If d is small,
1
dh) remains bounded. The opposite holds for d
Extγ (Gdh) is large while Extγ ( G
large. Hence there is a value of d such that
Extγ (Gdh) = Extγ (

1
dh)
G

which was to be proven. 
Martı́n and Rodrı́guez ([MaRo]) have proven that this period problem has indeed
a unique solution, using direct methods.
In the general case, we have
Theorem 4.4. The height function is proper on the space of geometric coordinates. 
The changes to the proof of the corresponding theorem 4.6.1 in [WW2] concern
only the notation and are left to the reader. Note that the argument there relies
heavily on the Monodromy Theorem 4.4.2, which remains valid in our setting,
because the involved cycles connect edges of the same type as in [WW2].
The last part of the proof of the Main Theorem requires to prove the
Regeneration Lemma 4.5. There is for a given CHMm−1,n−1 or CHMm,n−1
surface a certain good locus in the space of geometric coordinates for CHMm,n with
the following properties:
(1) it lies proper within the space of geometric coordinates;
(2) if dH = 0 on the locus, then actually H = 0.
This locus is defined by the requirement that all but one (if regenerating from
CHMm,n−1 ) or all but two (if regenerating from CHMm−1,n−1 ) extremal lengths
1
of the Gdh and G
dh orthodisks are equal.
To show that this locus is nonempty requires a regeneration argument:
One constructs from an existing lower genus CHMm−1,n−1 or a CHMm,n−1
surface a point on the boundary of the geometric coordinate space of the CHMm,n
surfaces. This is done purely geometrically.
Using an implicit function theorem, one then regenerates the surface into the
geometric coordinate space to obtain a piece of the good locus. Another application
of the implicit function theorem to interior points shows that the stratum lies in
fact proper within the coordinate space.
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In the last step, one computes the derivative of the height function with respect
to certain natural deformations obtained from pushing edges of the orthodisks.
Here it is important that on the stratum, the height function becomes much more
simple and its derivatives can be handled.
Intuitively, pushing one edge inside the Gdh domain (and decreasing its size) will
1
result in pushing a corresponding edge of the G
dh domain outside, thus increasing
its size. These changes should have monotone effects in opposite directions to
suitable extremal lengths, and this can be proven by explicit computation of the
derivatives of the extremal lengths under deformations of the domains.
It is important to note that all these arguments and computations take place
locally and hence carry over to this case without any change.
This completes the outline of the proof of the Main Theorem.
5 Period Computation and Parametrization
In this section, we will explain techniques which were developed to solve the
period problems for the CHMm,n surfaces numerically and to create suitable parameterizations for drawing the surfaces. These techniques are rather general and
are also of theoretical interest.
The computation of the periods causes several difficulties: The integrands of the
Weierstraß data are multivalued, and the periods are integrals over cycles in the
complex plane. So it is tempting to replace these integrals by a real line integral from
the punctures xi to xi+1 which is correct if the integral converges. Unfortunately,
some xi are non-integrable singularities.
One could try to implement analytic continuation of the integrands and path
integration. However, in our cases it turns out that the points xi are often numbers
which are rather close together so that integrating along a curve passing through a
pair of such zeroes becomes hazardous.
The idea then is to replace the 1-forms above by cohomologous ones with integrable singularities and then to do the numeric integration using standard integrators. For this, one has to find the replacements efficiently.
Suppose that a Riemann surface X is given by
y n = P (x) =

2g+1
Y

(x − xi )di

i=1

where the xi are real numbers and the di are integers. This amounts to saying that
the surface is a cyclically branched cover over the Riemann sphere punctured on
the real axes. For instance, the CHM1,1 surface is described by
y 4 = P (x) = x2 (x2 − 1)(x2 − a2 ).
Suppose a meromorphic 1-form ω on X is given by
ω = T (x)

dx
y

with some rational function T (x) such that
F (x) = T (x)P (x)
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is a polynomial of some degree d. We have in mind for ω = Gdh the rational
function
1
T (x) = 2
.
x − a2
By the dimension of the meromorphic de Rham Cohomology group, there is a
polynomial A and a polynomial R such that
F (x)
A(x)
R(x)
dx −
dx = d
n+1
y
y
y

(1)

R
R (x)
dx we can now compute γ A(x)
So instead of γ yFn+1
y dx, which can be done on a
real line segment xi xi+1 . The task is to find A(x) explicitly.
By elementary computation, (1) is equivalent to

(2)

A=

nF + P ′ R
− R′
nP

so that we have to find R with deg R ≤ 2g such that
nF + P ′ R ≡ 0

(3)

(mod P )

Because our F will always share many zeroes with P , one can easily to compute
R by Lagrange interpolation using the fact that
R(xi ) = −n

F (xi )
P ′ (xi )

We give the results of the computation in the simplest case:
Example. The CHM1,1 surface.
Here we have for Gdh
P (x) = x2 (x2 − 1)(x2 − a2 )
F (x) = x2 (x2 − 1)
x(x2 − 1)
a2 (a2 − 1)
3x2 − a2
A(x) = 2 2
a (a − 1)

R(x) = −2

The form

1
G dh

does not cause problems.

For increasing genus, the rational functions become algebraically rather complicated.
The second interesting problem related to the surfaces here is to find a parameterization which gives acceptable pictures. Using the eightfold symmetry of the
fundamental domain of the surfaces, it is only necessary to evaluate the Weierstraß
parameterization in (say) the first quadrant of the euclidean plane.
One minor obstacle arising here is that one has to compute complex line integrals
in this domain over a square root of a polynomial of high degree. This leads rather

HIGH GENUS SINGLY PERIODIC MINIMAL SURFACES

15

quickly to problems with the branched cuts of any simple square root implementation. In our case one can just factor the polynomial and take the square root of
each factor, where it is well defined.
The positive roots of the polynomial P (x) represent special points on the surface which must be paid attention to: Some of them are saddle points with vertical
normals, which should be met by a coordinate line, and the others represent the
ends. The latter cause the most serious problems, because an appropriate parameterization of an end should use polar coordinates centered at the puncture. So the
idea is to use coordinates on the first quadrant which look like polar coordinates
around the singularities corresponding to ends.
This approach becomes more and more difficult the more ends are represented
by points on the real axes. For the CHM1,n surfaces, this is just one point, and a
simple parametrization leads to

Three fundamental pieces of CHM1,5
For CHM2,3 there are two ends represented by points on the positive real axes,
and the construction of suitable coordinates becomes more complicated:
Consider
Z z
1
1
f : z 7→
+
dw
w−b w−c
The lines Ref (z) = const and Imf (z) = const are the parameter lines which we
want on the first quadrant. So we need to invert f and plot the two branches
separately. This is explicitly possible and yields the following coordinate lines.
Note that we have chosen b = 1 and c = 2 for better illustration.
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Coordinate lines for CHM2,3
One of the motivating questions behind this paper was how the handles might
be distributed in height between the planar ends. It was somewhat a surprise that
adding a single handle to CHM1,1 produces a singly periodic surface whose planar
ends have saddles which have alternatingly genus 1 and genus 2:

Three fundamental pieces of CHM1,2
Another question was to gain some insight how the additional handles in the
CHM1,n surface might be arranged. From the Weierstraß data it was clear that
handles have to be aligned atop of each other, but no information was available
about their relative sizes. It was even conceivable that there would be thinner
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and thinner handles for growing value of n. Even though the CHM1,5 surface is
certainly no evidence for the general picture, there is at least a slight indication
that the handle towers between two parallel ends resemble a portion of the singly
periodic Scherk tower. At the moment, there is no proof of this.
It is also worth noting that the horizontal elongation of the cylindrical pieces
of CHM1,1 between consecutive ends become much more pronounced for higher
genus.
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